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Definition:

Vector Space

A non empty set V is said to be a vector space over a field F if

1) V is an abelian group under an operation called addition which we

defined by +.

2) Forevery a & F and v & V, there is defined an element a v in V

Remarks:

[t

Examples:

subject to the following conditions.

a)a (u+v)=autav for all u,veV and a € F.
b) (a+p)u= au+pu for all uev and a.p €F.
¢) a(Pu)=(af)u for all ueV and a,peF.

d)lu=u for all ueV.

" The elements of F are called scalars and the elements of V are called

vectors.

. The rule which associates with each scalar aeF and a vector veV, a

vector av is called the scalar multiplication. Thus a scalar

multiplication gives rise to a function from Fxv—V defined by
(a,v)—av.

1) Let F be any field

Let F* =!(X1.X2.....Xa VX £F }

In f* we define addition and scalar multiplication as in example.
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Then F" is a vector space over F and denote this vector space by
ValF).

2) Let F be a field . Then F[x] the set of all polynomials over F 1s a
vector space over F under the addition of polynomuials and scalar
multiplication defined by

n

a(actaix+........ 80X )= gagtaa i X+....... S 0anX

3) Let V be the set of all funtions from Rto R
Let f,geV we define(f+g)(x)=f(x)+g(x) and
(af)(x)=a[f(x)]

V 1s a vector space over R.

Theorem:5.1

Let V be a vector space over a field F.Then

|.a0=0 for all acF.
2.0v=0 for all veV
J.(-a)V=a(-V)=-(aV) for all asF and veV.
4. av=0==a=0 or v=0
Proof:
1) a0=a(0+0)= cl+ad
Hence a0=0
2) Ov=(0+H0)v=0v+0v
Hence Ov={)

3)0=[a+-u)]v
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=uvH-a)v
Hence (-a)v=-(av)
Similarly af-v)=-(av)
Hence (-a)v =a(-v) =-(av)
4) Let uv=0 if a=0 there is nothing to prove.
Let a0 Then a”' &F.
Now v=1v={( a’ ajv= a’ (av)

=a 0=0.
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Subspaces

Let V be a vector space over a leld F. A nonempty subset W of V is

called a subspace of V if W itself is a vector space over F under the operation
of V

Theorem:5.2

Let V be a vector space over F.A nonempty subset W of V is a subspaces

of V ilTf W is closed with respect to vector addition and scalar multiplication
inV.

Soln:

Let W be a subspace of V.

W itself is a vector space and W is closed with respect 10 vector addition and
scalar multiplication.

Conversely, let W be a non-empty subset of V such that u.v EW

SU+vEW
Scalar multiplication
uEWanda EF=guEW,

We prove that W is a subspace of V.

W is nonempty there exists an element u € W
Identy

h=0EW

Inverse:

VEW= (-1)V

=-v EW
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Thus W contains 0 and the additive inverse of each of its elements
s W+ ) is an abelian group.

Hence w is an additive subgroup of V.

Also uEWand a €F |

=au EW.

Since the elements of W are the elements of V the other axioms of a vector
space are true Nw,

Hence W is a subspace of V
Theorem:5.3

Let V be a vector space over a field F . Non empty subset W ol V isa
subspace of V iff u,v € F.

AndaB EF—au+BveEW,
Proof:

Let W be asubspace of V. Letuv EW.and a,BEF
Then by theorem 5.2 v € Wand hence au + fvE W
Conversely letuvEWand e, EF
=au+ fivew,
Tokinga=fi= 1wegetuyv €W, ‘

SU+VEW

Toking f=0wegeta € Fandu € W = qu € W,
~W is a subspace of r
Example 1:

(0]} and V are subspaces of any vector space V. They are called the
trivial subspaces of V. |
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3/3

Examplel:

W=((2.0.0)/a € R) is a subspace of R’, for letu=( a,00),
v=(b0DD)EWanda,f €R
Soln:

Then au + Pv = a (a,0,0) + B (b, 0,0)

=(aa, 0,0) + (Bb,0,0)
=( @a, Bb, 0,0) €W

Hence W is a subspace of R
Note :

Geometrically W Consists of all points on the x-axis in the Euclidean 3
space

Example : 3
In R'W={ ( kiks.ke)/ k €R} is a subspace of R’

Soln :
Forifu=(kiwkm ki) v=(kukn kx)EW
uvEWand a,fER
then, au + Bv = a ( kia Kin, kie) + B ( kaw kon, kac )
= (o ki 0 kin, @ Kic) + (P ks PR, P k)
=(akitfa)a,(akivfk)bi(aki+ k) c
Hence W is a subspace of R’
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Uit - 1
Subspaces

Problem — |
Prove that the intersection of two subspaces of a vector space is a subspace.

Soluton.

Let A and B be two subspace of a vector space V over a field F.
We claim that ANB is a subspace of V.

Clearly o€ ANB and hence ANB is non - empty.

Now Jetu, vEANBand o, P EF.

Thenu vEAandu,vEB,

au + v €E Aand au + fiv € B.
( Since A and B are subspaces)
~au + Pv € ANB.

Hence AN B 1s a subspace of V.,

Problem. 2
Prove that the union of two subspaces of a vector space need not be a subspace.
Solution.

Let A= | (a,00)/a€R]
B= {(0b.D)/bER]

Clearly A and B are subspace of R? (example 2 of 5.2)
However A U B i1s a not a subspace of R
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For (1,0,0) and (0,1,0) E AU B.
But( 1,0,0)+(0,1,0)=( 1,1,1) € AUB.

Problem - 3.

Prove that the union of two subspaces of a vector space 15 a subspace iff one is
contanied in the other.

Solution.

Reler theorem

Let H and K be two subgroups of G such that one is contauned in the other,
Hence either H SK or KEH.

~H UK =K or HU K= H. Hence HU K is a subgroup of G.

Conversely, Suppose H U K is a subgroup of G. We claim that HS K or K € H.

Suppose that H1s not contained in K and K is not contained in H . Then there
exist elements a, b such that

aEHanda€ K ... ...(1)
beEK and beH ... (2)

clearly ab€ HUK . Since HU K 15 a subgroup of G, ab € H U K Hence ab € H
or ab € K.

case |l Letabe H. Sincea€e K. a-le H.

Hence a-! (ab ) = b€ H which i1s a contradiction to (2).
Casel2)

letabe K. Since bek. ble K
Hence (ab )b-! = a € K Whach is a contradiction to (1).

Hence Our assumption that H is not contained in K and K is not contained in H is
false .

HCK or K H

Scanned by TapScanner



Problem:

It A and B are subspaces of V prove that A+B={veV\v=a+b, beB} is a subspace
of V. Furthere show that A+B is the smellest subspace containing A and B. (i.e) If
W is any any subspace of V containing A and B then W contains A+B.

Soln:

Let v, v A+B and acF.
Then vi=a;+b;_ vs=a>.b> where a, a:¢A and b,.beB.
Now, Vi+vai= {ﬂl+hj}+{ﬂ:+hﬂ

= (a;+a>)+(b;+bs)cA+B.
Also, a(ai+b) )= aai+abieA+B
Hence A+B is a subspace of V. Clearly ACA+B and BCA+B.S
Now, let we be any subspace of V containing A and B.

To Prove: A+BCW.

Let vieA+B. Then v=a+b where acA and beB.

a+b=veW.

A+BCW so that A+B i1s the smallest subspace of V containing A and B.

Problem: 5
Let A and B be subspace of a vecor space V. Then Al1B={0} iff every vector
viA+B can be umiquely expressed in the form v=a+b where acA and beB.

Soln:
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Let ANNB={0}. Let veA+B.

Let v=a;+bi=a2+b2 where ai,axcA and bi,b2¢B.
Then a;-a>= by-ba.
But a;-axcA and ba-beB.
Hence ai-a2, ba-bicAlB.

Since ANB={0)}, a;-a;=0 and by-b;=0 so that a;=a; and b;=b2  Hence the
expression of v in the form a+b where a€A and beB 1s unique.

form a+b where acA and beB.
We claim that A[1B={0}.
If ANB#£{0}, let ve ANB and v#0.

Then 0=v-v=0+0. Thus 0 has expressed in the form a+b in two different ways
which is a contradiction. Hence AlIB={0}.

DEFINITION:
Let A and B be subspaces of a vector space V. Then V is called the direct
sum of A and B if (i) A+B=V (ii) ANB={0}.

If Vis the direct sum of A and B we write V=A direct sum of B.
Note:

V= A direct sum of B iff every element of V can be uniquely expressed in the
form a+b where acA and beB.
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EXAMPLE: |
In va(R) Let A={(a,b,0)\a,beR} B={(0,0,c)\ceR }

Clearly A and B are subspace of V and ANB={0}.
V= (a,b.c)e V3(R)
Then V=(a,b.0)+(0.0,c)
So that A+B= V3(R)
Hence Vi(R)= A direct sum of B.

e

EXAMPLE: 2

i , . a b 0 0
In M3(R), let A be the set of all matrices of the form A:(U 0) B=(c d)

Let u= (E g) V= (E g)

autpv=a g g) +B(E 3)

:(aua ::E]b) A ( 0 0 ) a.pe Ma(R)

fc pd
- (aa ab)
~\pc pd
Clearly A and B are subspace of M2(R).

b
d

0
o)

A+B= (: ) - Ms(R)

AlNB= (g Hence M»(R) = A direct sum of B.

/8K
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I'heorm 5.4, Let V b a vector space
overk and W Subspace of v Let
VIW= {W+v/v € V). Then V/W is a
vector space over F under the

tollowing operations.

) (WH+v])+ (W + v2)= W+ vl +v2

2) a(W + vl )= W+ avl

Proof

Since W is a subspace of Vitis a

subgroup of (V, +).

Smcee (V, +) 1s abelian, W 1s a
normal subgroup of V, +) so that

(1) 15 a well defind operation.

Now we shall prove that (11) is
a well defind operation.

W tvi= W+vl

V1 -v2 €W (since W 1s a supspace)
af{v1-v2) EW

av 1EW+av2

W+avl=W+av2

Hence (2) 1s well defined operation
Now, let
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W 1s a group under +.

Further (W + v1) + (W+
vl) = WHvl+vil=W+

v2+vl

(W+ v2) + (W+ v2)

Hence V/W is an abelian group.

Now, let a, B€ F

W vl HW+ v2)Ea(W +v] +v2)

'=WH+a(vl + v2)

=W+ avl +av2

= (W+avl) + (W+av2)

=a (W +vl)+a(W+v2)
(aHPUW+ v1) =W + (a + P)v]
= W+avl +jivl

= (W+ avl)yHW + pvl)

=a{ WH+v]l H(W+vl)
al{WHvI)|= a( WHjivl)

=(ap W+vl)
[Wvl |=W+lvl
=W+vl

Hence V/W 15 a vector space .

3
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The vector space V/W 1s called the
quotient space of V andW

4
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LINEAR TRANSFORMATION

Definition:

Let V and W be vector spaces over afield F. Amapping T: V> Wis called a
homomorphism if

(a) T(u+v)=Tu)+T{v) and
(b) Tlau) = aT{lu) whereaEFandu,vEV.

A homomorphism T of vector spaces is also called a linear
transformation.

Examples:

) IfTis 1-1 then T is called monomorphism.
) If Tis onto then T is called an epimorphism.

) I Tis 1-1 and onto T is called isomorphism.

V) Two vector spaces V and W are said to be isomorphic if there
exists an isomorphism T : V =W and we write V

Isomorphism to W.

(V)]  Alinear transformation T : V —=F is called a linear functional.

1. Let V be a vector space over a field F and W a subspace of V. Then

T: V= V/W defined by T{v)=W + v is a linear transformation, for,
T{vitva)=W{vi+v;)
=(W + v ) +H{W + ;)
=T{ws)+T{va)
Also T{av,}=W + av;
=a(W +w)
=aT(w).
This is called the natural homomorphism from V to V/W. Clearly T
Is onto and hence T is an epimorphism.
T : V3(R) = Vs(R) defined by T(a, b, cj=(a,0,0) is a linear
transformation.
T : R* =R? defined by T(a, b)j=(2a-3b, a+4b) is a linear
transformation.
letu=(a,b)andv=(c,d)and a ER.
Therefore, T{u + v)=T((a, b] + (c, d})
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=Tla+c,b+d)
=(2{a+c)-3lb+d), (a+c)+4b+d))
=(2a+2c-3b-3d, a +c+4b + 4d|
=(2a-3b+2c-3d a+4b+c + 4d)
=(2a - 3b, a + 4b) + (2c - 3d, c + 4d)
=T(a, b)+Tic, d)
=T{u}+T{v).
Also, T|au)=T(a{a, b))
=T|aa, ab)
={2aa - 3ab, aa + 4ab)
=a{2a - 3b, a +4b)
=aT{a, b)
=aT{u).

Hence T is a linear transformation
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Theorem:S.5

Let T: V=W bea linear transformation .Then T(V)= {T(V)/vEV} s a
Subspace of W.

Proof:

Let wi and wz € T(V) and o €F . Then there exists vi, v, € V such that
T(v,) =w; and T(v,) = w,.

Hence w, + w> =T(v,) + T(v»)

= T(v,) + T(v,) €T(V)
Similarly aw, =aT(v,) = T(av,) € T(V)
Hence T(V) is a subspaceot W.
Definition:

Let V and W be a vector spaces over a field F and T: V— W be a linear
Transformation. Then the kernel of T is defined to be {v /v€V and T(V)=0]}
and 1s denoted by ker T.

Thus ker T={v/veEV and T(v) =0}

Forexample, in example l.ker T =V,

In example 2, ker T = {0}

In example 5, ker T is the set of all constant polynomuals.

Note:

Let T: V=W bea linear transformation. Then T is a homomorphism iff
ker T = {0}
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Theorem 5.6 : (Fundamental theorem of homomorphism)

Let V and W be vector spacesovera field Fand T : V— W be an
epimorphism.

Then (1) ker T =V, 8 a subspacesof V and

(1) Given V= ker T
={v/veV and T(v)=0)
Clearly T(0)= 0. Hence 0 € ker T =V,
~V1 is nonempty subsetof V.
Let u,v € ker T and «, BEF
AT() =0and T(v) =0
Now T(au+ Bv) = T(au) + T(Bv)
=aT(u) + BT(v)
= a0+ B0
=y
s~ Oau+ Bv € RerT

ker T is a subspaceof V.

(1)  We define a map Lp:;,"i1 - Wby @(VI1+v)=T(v)

¢@1s well defined.

Lﬂl V|+V:V|+w |

B
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vV EV,+w
v = v;+w where v,E V,
T(v) = T(vi+ w)=T(vy) + T(w)

0+T(w)=T(w)

Qo (Vi+v)=0(V+w)
ois 1-1

¢ (V,+vF=o(V,+w)
=>T(v)=T(w)

=T (v)-T(w)=0
=T(vVH+T(-w)=0
=T(v-w)=0

=v-wekerT=V,

=VEV +wW
=>V+v=V,+w
¢ 1S onto

Let wEW,

Since T 1s onto there exists véV suchthat T(v)=w,
SOV +v)=w

¢ Is a homomorphism.

OV +v)+(Vi+w)] =0 (V+(v+w)]
= T(v+w)
= T(v)+T(w)

=@(Vitv)+ o(V+w)
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THEOREM 5.7

Let V be a vector space over a field F. Let A and B be subspaces of V.
Then A+B/A = B/AN B
Proof :

We know that A+B is a subspace of V containing A.

Hence A+B/A s also a vector space over F.

An element of A+B/A is of the form A+ (a+b) where acA and beB.

But A+a =A,

Hence an element of A+B/B is of the form A+b.
Now, consider f: B—+A+B/A defined by
F(b) = A+b.

Clearly f is onto.

Also f(by+b;) = A+(by+b;)

= (A+by) + (A+b;)

= f{by) +f(by)

And f(ab,) = A+ab,

=a(A+b,)

=a f(b,)

Hence f is a linear transformation.

Let k be the kernel of f.

Then K = {b/b €B, A+b, A+b = A}.
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ABSTRALT ALGEBRA I
ASSIGMNMENT

Now , A+b = A iff beA .
Hence K = ANB.
B/ANB = A+B/A.

THEOREM 5.8

Let V and W be vector spaces over a field F .let L (VW) represent the set of all
linear transformation from V to W. Then L(V,W) itself is a vector space over F

under aadition and scalar multiplication

Defined by (f+g) (v) = flv) + g{v) and (af) (v) =a f{v).

Proof:

Let f, g € LIV.W) and vy ,va2 €V

Then (f+g) (vi + vz ) = flva+vz) +g(vi+v:)

=f(vy) + flva) + glvi) +glva)

= flvy) +8( va) + flvy) +g(v;)

=(F+g) (vy) +(F +g) (v2)

Also (f+g) (av) = flav) +glav)
=af(v) +ag(v)

=alf(V]+g(v]]

=a(f+g)(v).

Hence (f+g) eL(V, W]

Now, (af) (v +v;) = (af) +(v,) +{af)(v,)
=alf(v,) + f(vy)]

=af{v,+v,)

Also (af) (Bv) = alf{Bv]] = alBf{v]]

Hence af € LIV, W)
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ABSTRACT ALGEBRA Il
ASSIGNMENT

Addition defined on L[V,W) is obviously commutative and associative .

The function f : V=W defined by f(v) =0 for all ve V is clearly a linear
transformation and is the additive identity of L(V,W).

Further (-f) : V=W defined by

(-f) (v) = -f{v) is the additive inverse of f.

Thus L(V,W) is an abelian group under addition.

The remaining axioms for a vector space can be easily verified,

Hence L(V,W) is a vector space over F.

| 4
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